REFINEMENT OF INEQUALITIES AMONG MEANS 



INDER JEET TANEJA 

Abstract. In this paper we shall consider some famous means such as arithmetic, 
harmonic, geometric, root-square means, etc. Some new means recently studied are also 
presented. Different kinds of refinement of inequalities among these means are given. 



1. Mean of Order t 
Let us consider the following well known mean of order t: 

Vab, t = 

maxja, b}, t = oo 
min{a,6}, t = — oo 



(1.1) 



B t (a,b) 



for all a, b, t e R, a, b > 0. 
In particular, we have 



and 



£_i(a,&) = H(a,b) -- 
B (a,b) = G(a,b) = 

B 1/2 (a,b) = N 1 (a,b) 
B 1 (a 1 b) = A(a,b) = 

B 2 (a, b) = S(a, b) = 



2ab 
a + b' 
Vab, 



y/a + Vb 



a + b 



a 2 + b 2 



The means, H(a, b), G(a, b), A(a, b) and S(a, b) are known in the literature as harmonic, 
geometric, arithmetic and root-square means respectively. For simplicity we can call the 
measure, Ni(a, b) as square-root mean. It is well know that pQ the mean of order s given 
in (jl.lj) is monotonically increasing in s, then we can write 

(1.2) H(a, b) < G(a, b) sC N^a, b) ^ A(a, b) < S(a, b). 

Dragomir and Pearce [3] (page 242) proved the following inequality: 



;i.3) 



a r + b r b r+1 



7 r+l 



(r+ l)(6-a) 



a + b 
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for all a, b > 0, a ^ b, r 6 (0, 1). In particular take r = | in (jl.3|) . we get 



1.4) VHW^ 2(63A-q3/ 2) /^Tj 

v ; 2 3(6 -a) V 2 ' ^ 

After necessary calculations in (jl.5j) . we get 

2 



,^ ^ ^ + < a + v / o6 + 6 < / ^/a + Vb\ ( /a + b 

On the other side we can easily check that 



Finally, the expressions (jl.2|) . (jl.5j) and (jl.fij) lead us to the following inequality: 
(1.7) H{a, b) ^ G(a, b) <: N^a, b) ^ N 3 (a, b) ^ iV 2 (a, b) A(a, 6) ^ S(a, b), 
where 

iV 2 (a,6)= 2 y 2 

and 

^3(0,6) = . 

Moreover, we can write 

i\i{a,b) = 



y/a + Vb \ ( a + b 



N 2 (a, b) = ^/iVi(a,6)A(a,6), 

and 

3 

Thus we have three new means, where Ni(a, b) appears as a natural way. The N 2 (a, b) 
can be seen in Taneja E] and the mean N 3 (a, b) is known as Heron's mean Some 
studies on it can be seen in Zhang and Wu 0. 

2. Difference of Means and Their Convexity 
Let us consider the following difference of means: 

(2.1) M SA (a,b) = S(a,b)-A(a,b), 

(2.2) M SN2 (a,b) = S(a,b)-N 2 (a,b), 

(2.3) M SN3 (a,b) = S{a,b)-N 3 (a,b), 

(2.4) M SNl (a,b) = S{a,b) - Nx(a,b), 



(2.5) 



M SG (a,b) = S(a,b)-G(a,b), 
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(2.6) M SH (a,b) = S(a,b) - H(a,b), 

(2.7) M AN2 {a,b) = A{a,b)-N 2 {a,b), 

(2.8) M AG (a,b) = A(a,b)-G(a,b), 

(2.9) M AH {a,b)=A{a,b)-H(a,b), 

(2.10) M NaNl (a,b)=N 2 {a,b)-N 1 (a,b), 
and 

(2.11) M N2G (a,b) = N 2 (a,b)-G(a,b). 
We easily check that 

(2.12) M AG (a, b) = 2 [N^a, b) - G(a, b)} := 2M NlG (a, b) 

= 2[A(a,b)-Nx{a,b)} := 2M ANl {a,b) 
= 3 [A(a, b) - N 3 (a, b)} := 3M ANa (a, b) 

= ~ [N 3 (a, b) - G(a, b)} := ~M* 3G (a, b) 
= 6 [N 3 {a, b) - Ni(a, b)} := 6M N:iNl {a, b). 

Now, we shall prove the convexity of the means (|2.1j) - (|2.11|) . It is based on the following 
lemma. 

Lemma 2.1. Let f : I C 1R + — > 1R fre a convex and differentiable function satisfying 
f(l) = /'(l) = 0. Consider a function 

(2.13) 0/(a,&) = a/Q^ , a,6> 0, 

t/ien i/ie function 0/(a, 6) convex in and satisfies the following inequality: 

(2.14) 0<^(a,6)< f^Wa,&). 

Proof. It is well known that for the convex and differentiable function /, we have the 
inequality 

(2.15) f'(x)(y -x)4: f(y) - fix) ^ f(y)(y - x), 

for all x, y e M + . 

Take y = - and x = 1 in ()2.15j) one gets 

or equivalently, 

(2.16) /'(l) (b - a) < a/ f ^ - a/(l) < a/' ' " 



a / \ a / \ a 
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Since /(l) = f'(l) = 0, then from (l2~ToT) we get (l2~m 

Now we shall show that the function <pf(a,b) is jointly convex in a and b. Since the 
function / is convex, then for any (an, y^, (x 2 , y 2 ) £ ^+? < A 1; A 2 < 1, Ai + A 2 = 1 we 
can write 

/ A1X1 + A 2 o: 2 A _ / Xmxi + A 2 y 2 x 2 
\Ai?/i + A 2 t/ 2 / V?/i ' x 



+ A 2 y 2 ) y 2 (Xiyi + \ 2 y 2 ) / ' 



(s)- 



(2.17) < / + / 

Ait/i + A 2 t/ 2 / A12/1 + A 2 ?/2 

Multiply (|2.17j) by Aijn + A 2 |/ 2 one gets 

(A* + A*)/ ( <E Am/ ( ^) + A 2fc/ ( , 
V Aii/i + A 2 y 2 J \MViJ \X2y2J 

i.e., 

(2.18) 4> f (Ai^i + A 2 x 2 , Ajj/i + A 2 y 2 ) ^ Ai0/ (an, yi) + \ 2 <p f {x 2 , 2/2) , 

for any (an,jn), (x 2 ,y 2 ) G El. The expression fl2.18|l completes the required proof. □ 



Now we shall show that the difference of means given by (|2.1J1 - (|2.11J) are convex in 
Later in Section 3 we shall apply the convexity of these functions to establish improvement 
over the inequality (jl.7j) . 



Theorem 2.1. The difference of means given by \2.1)) - WH\) are nonnegative and 



convex 



in ll&i 



Proof. We shall write each measure in the form of generating function according to the 
measure (|2.13|) . and then give their first and second order derivatives. It is understood 
that x G (0, 00). 

• For M SA (a,b): 



x 2 + 1 x + 1 

fsA(x) = \j— — . 

X 1 



SsaI?) 



V2^ 



x- 



and 



fsAfr) ~ (2x 2 + 2)3/2 > - 



For M SNs (a,b): 



fsN 3 ( x ) 
fsN 3 ( x ) 



X 2 + 1 X + y/x + 1 

2 3 ' 

X 2 + 1) 

6y/2x(x 2 + 1) 
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and 



24x^ + (2x* + 2f 2 

/SiV 3 W l 2a ;3/2(2a; 2 + 2)3/2 >U - 



• For M SN2 (a,b): 

fsN 2 ( x ) 

and 



2y/x T TT _ + 1) V ^TI 

2v/2 

4x 3/ V^ + 1 - (2x + y/x + 1) V^ 2 + 1 
4^2x(x + l)(x 2 + 1) 



(x 3 / 2 + 1) (x 2 + 1) 3/2 + 8x 3 / 2 (x + if' 2 
fsN2[X) ~ 8V2[x(x + l)(x 2 + l)f 2 > °' 



For M SNl {a,b): 



and 



, f v 2 v /2(^ + l)-( v /j+l) 2 
, M 4x 3 / 2 -(v^+l)v/2(^ + l) 

7 " X ( ' l v '2,tr2 • l! 

_ 16x 5 / 2 + x(2x 2 + 2) 3 / 2 

8x5/2(2^ + 2)3/2 >U - 



For M SG (a,b): 



fsc{x) 



lx 2 + 1 

'X, 



V 2 
a/2x 3 / 2 - y/^TT 
2^(x 2 + fP' 



and 



^ (;r) " ^ + 1)3/2 + 4X^ >0 - 



For M SH {a,b): 



fsH(x) = 



x 2 + l 2x 



2 x+ 1 

X(x + l) 2 -2y/2(x2 + l) 

" " (x + l)V2(^ 2 + l) ' 



and 

9 If 7: 4. 1^ + 9^2 + ^3/21 

> 0. 



2[(x+l) 3 + 2(2x 2 + 2) 3 / 2 ] 

/SHW (x+1) 3 (2x 2 + 2)3/2 
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• For M AN2 {a,b): 

fAN 2 (x) 

and 



2(x+l)-(y^+l)y/2(x+l) 
4 

2yj2x{x + 1) - (2x + Jx + 1) 
l v '2t.r • 1) ' 



For M AG (a,b): 



x 3/2 + 1 

fAN,{x) = 4x 3/2 (2x + 2) 3/2 > - 



2v^ 



and 



For M AH (a,b): 



Iah{x) = 

f'AH(x) = 



(x - l) 2 

2(x+ 1)' 
(x-l)(x + 3) 
2(x + l) 2 



and 



For M N2Nl (a,b): 

fN 2 N 1 (x) 



(y/x + 1) y/2(x+l)-(y/x + l)' 



, , . _ 2X + + 1 - (y/i + 1) ygg + 1) 

and 

„ ( , _ (2x + 2) 3 / 2 -2(x 3 / 2 + l) 
Jn 2 nM) 8x 3 / 2 (2x + 2) 3 / 2 

Since (x + if/ 2 > x 3 / 2 + 1, Vx e (0, oo) and 2 3 / 2 > 2, then obviously, f'Jr aNl (x) ^ 0, 
Vxe(0,oo). 
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For M N2G {a,b): 

(y/x + 1) V^+l) - 4X 



and 



fN 2 a(x) 



4» 



fN 2 G( X ) 



4 ^ 

2x + 1 + - 2^2(^ + 1) 

4v/2x(x + 1) 
(2x + 2) 3 / 2 - (x 3 / 2 + 1) 



4X 3 / 2 (2X + 2) 3 / 2 

Since (x + 1) 3/2 ^ x 3/2 + 1, Vz G (0, oo) and 2 3 / 2 ^ 1, then obviously, /y aG (x) ^ 0, 
Vxe(0,oo). 

We see that in all the cases the generating function /(.)(1) = /(.)(!) = an d the second 
derivative is positive for all x G (0, oo). This proves the nonegativity and convexity of the 
means (j2.1J) - ()2.16|) in R 2 ^. This completes the proof of the theorem. □ 

Remark 2.1. The inequality \1. 7| ) a/so present more nonnegative differences but we have 
considered only the convex ones. 

3. Inequality Among Difference of Means 
In view of (jl.7|) . the following inequalities are obviously true: 

(3.1) M SA (a, 6) ^ M 5JV2 (a, b) sC M SA r 3 (a, 6) ^ M SNl (a, b) ^ M SG (a, b) ^ M SH (a, b), 

(3.2) M AN2 (a, b) < M ANs (a, b) s= M ANl (a, b) ^ M AG (a, b) ^ M AH (a, 6), 

(3.3) M N2N3 (a, b) < M N2Nl (a, b) < M N2G (a, b) < M N2H (a, 6), 

(3.4) M^a, 6) ^ M iV3G (a, 6) ^ M^a, 6), 

and 

(3.5) M NlG (a,b) < M NlH (a,b), 

In view of fjl.7|) . ()2.12|) and ()3.5|h we can easily check that 

(3.6) A(a, b) + H(a, b) < A^(a, 6) + iV 3 (a, 6) < iV^a, b) + iV 2 (a, 6). 

In this section we shall improve the inequalities (J1.7)) and then compare with the in- 
equalities (|3.1j) - (j3.5|) . This refinement is based on the following lemma. 

Lemma 3.1. Let f\, / 2 : I C R+ — > R fre £tuo convex functions satisfying the assumptions: 
$ /i(l) = = 0, / 8 (1) = = 0; 
(ii) fi and f 2 are twice differentiable in R+; 
(Hi) there exists the real constants a, (3 such that ^ a < (3 and 

(3-7) a < ^ P, f»{x) > 0, 

J 2 \ X ) 

for all x > then we have the inequalities: 

(3.8) a (j)f 2 (a,b) ^ <j> fl (a,b) < 0/ 2 (a,&), 

/or a// a, o G (0, oo). 
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Proof. Let us consider the functions 

k(x) = fx(x) - a f 2 (x) 

and 

h(x) = (3 f 2 (x) - fi(x), 

where a and /3are as given by (|3.7j) . 

In view of item (i), we have k(l) = h(l) = and k'(l) = h'(l) = 0. Since the functions 
fi(x) and f 2 (x) are twice different iable, then in view of ([3.7]) . we have 

/('(*) 



(3.9) 
and 
(3.10) 



k"(x) = f({x) - a f»(x) = f»(x) 



a > 



h"(x) = (3 f»{x) - f»{x) = fi(x) M 



>0, 



for all x G (0, oo). 

In view of f!3.9|) and (j3.10|) . we can say that the functions k(-) and h(-), are convex on 
I c R+. 

According to (|2.14j) . we have 



(3.11) 

and 
(3.12) 



a k 



a h 



h 



Ml 



-a f 2 



h 



a fi 



Paf 2 



aa f 2 



>0, 



-h 



Combining ()3.11|) and ()3.12|) we have the proof of (|3.8p . 
Theorem 3.1. The following inequalities among the mean differences hold: 

(3.13) M SA {a, b) -M SH {a, b) < ^M AH {a, b) ^ -M SG (a, b) ^ M AG {a, b). 

Proof. In order to prove the above theorem, we shall prove each part separately. 
Let us consider 

(x + l) 3 



□ 



9sajsh[x) 
This gives 

(3-14) g'sA_s H (x) ~- 



fJM _ 

SshW (x + 1) 3 + 4 v / 2(x 2 + 1) 3 / 2 ' 
24(i- l)(x 2 + l)(x+ l) 2 



x G (0, oo) 



^ 0, x ^ 1 
< 0, x > 1 



^/2(x 2 + 1) [(a; + l) 3 + 4^2> 2 + If/ 2 ] ' 

In view of ()3.14j) we conclude that the function gsA_sii(x) increasing in x G (0, 1) and 
decreasing in x G (1, oo), and hence 

(3.15) p = sup gsASH{x) = gsA_sii(l) = \- 

xe{o,oo) >J 

Applying ()3.8j) for the difference of means MsA(a,b) and MsH{a,b), and using (j3.15jl . 
we get 



(3.16) 



M SA {a,b) *C -M SH (a,b). 



MEAN INEQUALITIES 



!) 



Let us consider 

9sh_ah{x) = n „) ; = '—= — - — - — , x g (0, 00 

This gives 

3(x- l)(x + l) 2 0, x «C 1 



(3-17) g'sHJuiix) 



4 v / 2(x 2 + I) 5 / 2 UO, x ^ l' 



In view of (I3.17J1 . we conclude that the function gsH_AH(x) is increasing in x G (0, 1) 
and decreasing in x G (1, 00), and hence 

3 

(3.18) f3 = sup g S H_AH(x) = #sg.ah(1) = -. 

Applying ()3.8|) for the difference of means MsH(o,,b) and Mah(o,, b), and using ()3.18|) . 

we get 

(3.19) M SH (a,b) ^ ^M AH (a,b). 
Let us consider 

f» G {x) (x + l) 3 [4x 3 / 2 + V2 (x 2 + I) 3 / 2 ] 

9sg-Ah{x) = — = , x G 0,oo , 

Jah(^) 16V2 (x 2 + l) 3 / 2 x 3 / 2 

This gives 

3( s + l)4( x _ 1) ( x 2 + ^5/2 _ 8x 5/2l , 

(3.20) »5G^(a:) = t± tt 1 V 

ysGJUlK ' 32V2[x(x + l)] 5/2 \^0, x<l, 

where we have used the fact that x 2 + 1 ^ 2x, Vx G (0, 00). 

In view of (|3.20p . we conclude that the function gsG-Aii(x) is decreasing in x G (0, 1) 
and increasing in x G (1, 00), and hence 

(3.21) a = inf gsG-AH{x) = gsc-AniX) = l - 

ze(o,oo) 

Applying ()3.8|) for the difference of means Mah{.o J) o) and Msg^, b), and using (|3.2ip . 
we get 

(3.22) M AH (a,b) ^M SG (a,b). 
Let us consider 

, x f'Ux) 4x 3 / 2 + y/2 (x 2 + I) 3 / 2 

This gives 

(3.23) gsc_AG\ ) V2(x 2 + 1)V 2 \<0, X>T 

In view of ()3.23|) . we conclude that the function gsG_AG(x) is increasing in x G (0, 1) 
and decreasing in x G (1, 00), and hence 

(3.24) M= sup <?5G_ag(x) = <?sg_ag(1) = 2. 

cc£(0,oo) 
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Applying (|3.8j) for the difference of means MsG{a,b) and M^ G (a, 6), and using (|3.21j) . 

we get 

(3.25) ^M SG (a,b) ^ M AG (a,b) 

Combining the results (|3.16|) . (|3.19|) . (|3.22j) and (|3.25|) we get the proof of the inequality 

firm □ 

Corollary 3.1. The following inequalities hold: 

(3.26) H(a, t) < G(a, i) < ^ "> + 5( °- < ^ "> + S 

3 2 

^ S(a,b) + G(a,b) H(a,b) + 2S(a,b) 
^ 2 ^ 3 

^ A(a, b) ^ S{a, b) + F(a, 6) - G(a, b) 

^ 5(o, 6) ^ 3 [A(a, 6) - G(a, b)] + if (a, b). 

Proof. Simplifying the results given in (j3.16J) , ()3.19|) , ()3.22j) and ()3.25|) we get the required 
result . □ 

Remark 3.1. The inequalities \3.2b)) are the improvement over the following well known 
result 

(3.27) min {a, b} ^ H(a, b) «C G(a, b) ^ A(a, b) ^ S(a, b) ^ max {a, 6} . 

In the following corollary, we shall give a further improvement over the inequalities 

dionj). 

Corollary 3.2. The following inequalities hold: 

(3. 28 ) g(M)< ^ ( ?:f'^U G (M)< 2g(M) + s(a ' 6) 

A(a, b) + H [a, b) 3 

< A(a, &) + ff(a, 6) < / (A(o, fr)) 2 + (#(a, fr)) 2 < g(o, 5) + G(a, b) 
2 ^ V 2 ^2 

< ijr(Q ' 6) ^ 2 ' S(a,6) < A(a, b) <: S(a, b) + H(a, b) - G(a } b) 

^ S(a, b) ^ 3 [A(a, b) - G(a, b)} + H(a, b). 

Proof. Replace a by A(a, b) and b by H(a, b) in ()3.27|) we get 

min {A(a, 6), #(o, b)} ^ H (A(a, 6), F(a, 6)) < G (A(a, 6), if (a, 6)) 

^ A(A(a,b),/f(a,6)) < 5 (A(a, b), H(a, b)) < max {A(a, 6), if (a, 6)} . 

This gives 

(3.29) H(a, 6) < ^f^' « G(a, 6) < dM + jgihS 

A(a, 6) + if (a, o) 2 



The inequality ()3.29|) gives a different kind of improvement over the inequality (|3.27|) . 
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Let us consider 



(3.30) 



K(a, b) 



S(a,b)+G{a,b) A(a,b) 2 + H(a,b) 



S(a,b)+G(a,b) 
2 



A{a,b) 2 +H{a,l 



S(a,b)+G(a,b) _|_ _ / A(a,b) 2 +H(a,b) 2 



Now we shall show that 



(3.31) 

For it, let us consider 

(3.32) k(x) 



S(a,b) + G(a,b)y A(a,b) 2 +H(a,bf 



V2(x 2 + 1) Vi 
4 2 



-I 2 



X + 1 



+ 



> 0. 



2x 
x + 1 



8x 2 + (x + l) 2 y/2x{x 2 + 1) 



> 0, Vx G (0,oo). 



4(x+ l) 2 

Now the expression (}3.32j) together with ()2.13|) give us 1)3.31)1 . or equivalently, we can 
say that 



(3.33) 



A(a, b) 2 + H( a,b) 2 S(a, b) + G(a, b) 



□ 



2 2 
Finally, the inequalities 1)3.26)1 . ()3.29)) and ()3.33j) give us the proof of the inequalities 
1)3.29}) . This completes the proof of the corollary. 

Theorem 3.2. The following inequalities hold: 

(3.34) lM AH (a, b) ^ M N2Nl (a, b) ^ -Mjv aG (a, b) s= -M AG (a, b) ^ M AN2 (a, b). 
o 6 4 

Proof. In order to prove the above theorem, we shall prove each part separately. 
Let us consider 

f'i H (x) 32x 5 / 2 (2x + 2) 3 / 2 

9ah_n 2 nA x ) 



f" 



This gives 

9ah_n 2 n 1 ( x ) 



' NiNl (x) (x + l) 3 {-2x - 2x 5 / 2 + x{2x + 2) 3 / 2 ] 
A8^2x(x + 1) 



, x G (0, oo) 



9 X 

(x + l) 4 \-2x - 2x 5 / 2 + x(2x + 2) 3 / 2 ] 
x [4x 2 (l - x 5/2 ) + x 2 (x - l)(2x + 2) 5/2 ] 



48a; 2 (x + 1) (1 - y/x) y/2x(x + 1) 
(x + l) 4 [-2x - 2x 5 / 2 + x(2x + 2) 3 / 2 f 



x 



V2 (Vx + 1) (x + 1) 3/2 - (x 2 + x 3/2 + x + ^ + l) 
Since a/2(x + 1) ^ y^x + 1, Vx G (0, oo), then this implies that 

V2(x+lf 2 (V^ + i) > (Vx"+i) 2 (x + i) 

> x 2 + x 3/2 + X + v/x + 1 
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Thus we conclude that 

< 0, x > 1 



(3-35) 9ahm2Ni( x ) 



> 0, x < 1 



In view of ()3.35j) . we conclude that the function gAffjv 2 7Vi (^) is increasing in x G (0, 1) 
and decreasing in x G (1, oo), and hence 

(3.36) [3= sup gAHMiN x {x) = Qah^nA 1 ) = 8 - 

xe(o,oo) 

Applying (|3.8|) for the difference of means M^(a, b) and M N2Nl (a, b) along with (j3.36j) . 

we get 

(3.37) lM AH {a,b)^M N2Nl (a,b) 

8 

Let us consider 

( v _ /mM _ -2x - 2^ + x(2x + 2) 3/ 2 

^jv^z) - - 2x {1 + x 3/ 2 _ {2x + 2) 3/ 2] > * e (°. °°)- 

This gives 



, _ 3xV2x + 2 (1 - yg J<0, x>l, 

(3-38) <7 MJ v 2Gl W " 2x2 hl _ x3 /2 + (2x + 2 )3/2 ]2 j> o, x < 1. 

In view of (|3.38j) . we conclude that the function gN 2 N 1 .N 2 G( x ) is increasing in x G (0, 1) 
and decreasing in x G (1, oo), and hence 

(3.39) (3 = sup gN 2 Ni.N 2 G(x) = ^jv 2 jviJv 2 g(1) = 

xe(o,oo) " 

Applying ()3.8|) for the difference of means M N2Nl (a, b) and M N2G (a, b) along with (|3.39j) . 

we get 

(3.40) M N2Nl (a, b) <: ^M N2G (a, b). 
Let us consider 

f'^ G (x) 1 + x 3 / 2 - (2s + 2) 3 / 2 

^ g(x) = = (2^+2p — ' x (0 ' 

This gives 

(d j ^ 2G - agW "(2x + 2)V2 |^o, 

In view of (|3.41j) . we conclude that the function gAHMzNiix) is increasing in x G (0, 1) 
and decreasing in x G (1, oo), and hence 

3 

(3-42) = SUp g N2 GJiG{x) = #7V 2 G.Ag(1) = T • 

xG(0,oo) 4 

Applying ()3.8j) for the difference of means Mjv 3 G(a, 6) and Mag(ci, 6) along with ()3.42j) 
we get 

(3.43) M N2G (a,b) ^^M AG (a,b). 
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Let us consider 



, \ flaix) {2x + 2f' 2 

9agm{x) = Jut*) = {jx + mx-yfi+iy x G (0 ' oo) 



This gives 



(3.44) 4^)= Jtv^IL 

In view of (|3.44|) . we conclude that the function gAG-AN 2 ( x ) is increasing in x G (0, 1) 
and decreasing in x G (1, oo), and hence 

(3.45) (3= sup gAG.AN 2 {x) = 9ag.an 2 (1) = 4. 

xe(o,oo) 

Applying ()3.8|) for the difference of means M^ G (a, 6) and M4jv 2 (a, b) along with ()3.45|) 
we get the required result. 

(3.46) -M AG (a,b) ^M A N 2 (a,b). 

Combining the results (|3.37j) , (|3.4(Jj) , (|3.43|) and (|3.46|) we get the proof of the inequal- 
ities (Km . □ 

Corollary 3.3. The inequalities hold: 

G(a,b) + H(a,b) + 3N 2 (a,b) 



(3.47) H(a,b) < G(a, 6) ^ 



5 



^ ^ < 2AM) + 7Ar,M) ^ 

3 9 
< A(o,&) + iVi(a,b) < 7A(a,6) + /f(a,b) < 
2 ^ 8 ^ 

Proo/. Follows in view of (EP2J) . (l3~33D . (HOHll . (l3~4T| and □ 

Remark 3.2. TTie inequalities J^.^Tp can be considered as an improvement over the fol- 
lowing inequalities: 

(3.48) //(a, b) < G(a, 6) ^ iVi(a, b) < N 2 (a, b) < A(a, 6). 
Theorem 3.3. The following inequalities hold: 

(3.49) M SA (a, b) *C -M SJVa (a, 6) < 4M M2 (a, b), 

5 

(3.50) M 5H (a, 6) < 2M SNl (a, b) ^ ^M SG (a, b), 
and 

(3.51) M SA (a,b) «C ^M SN3 (a,b) ^ ^M SNl (a,b). 

Proof. In order to prove the above theorem, we shall prove each part separately. 
Let us consider 

f£ A {x) 8x 3 / 2 (2x + 2) 3 / 2 

g S A.SN 2 {x) - - 8x3/2(2x + 2)3/2 + (1 + x 3/2)( 2x 3/2 + 2 )3/2 > ^ G (U, OO). 
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This gives 



96^x(x 2 + l)(x + l) 

9sa_sn 2 {x) ~ [ 8x 3/2(2 x + 2)3/ 2 + (1 + x 3 / 2 )(2x 3 / 2 + 2) 3 / 2 ] 2 

x [(x 2 - l)(x 5 / 2 + 1) + 2x(x 5/2 - 1)] 



96 {y/x- 1) Vx(x 2 + l)(x + 1) 
[8x 3 / 2 (2x + 2) 3 / 2 + (1 + x 3 / 2 )(2x 3 / 2 + 2) 3 / 2 ] 2 X 

X [(y/x + 1)(X+ 1)(X 5/2 + 1) + 2X (x 2 + X 3/2 + X + y/x + l)] . 



Thus, we have 
(3-52) 9'saj3n 2 {x) 



>0, x^l, 
^ 0, x < 1. 



In view of (|3.52|) . we conclude that the function gsASN 2 {x) is increasing in x e (0,1) 
and decreasing in x G (1, oo), and hence 

4 

(3.53) (3 = sup g S A.sN 2 {x) = g S A.sN 2 (l) = -■ 

xe(o,oo) o 

Applying (|3.8|l for the difference of means MsA(a,b) and MsN 2 (o,,b) along with ()3.53|) 

we get 

(3.54) M SA (a,b) < ^M SiV2 (a,&). 
Let us consider 

, N 8x 3 / 2 (2x + 2) 3 / 2 + (l + x 3 / 2 )(2x 2 + 2) 3 / 2 , n . 
9s »^*W = J^Jxj = (2x 2 + 2)(x 3 / 2 + l) ' X E ( °' 

This gives 



12 [x(x + 1)] 9/2 [{x 2 - 1)(1 + x 5 / 2 ) + 2x(x 5 / 2 - 1)] 
9sn 2 _an.M) - (a; 2 + l) 5 / 2 x 4 (x + l) 4 (x 3 / 2 + l) 2 

12 (x(x + l)) 9/2 ( v ^-l) 

~ ~ (x 2 + 1)5/2x4(2. + 1)4(^3/2 + ^2 X 

x [(y/x + l) (x + l)(x 5/2 + 1) + 2x (x 2 + x 3/2 + X+ 1)] . 



Thus we have 
(3-55) 9sn 2 ~an 2 ( x ) 



>0, x^l, 



In view of (|3.55jl . we conclude that the function gsN 2 .AN 2 ( x ) is increasing in x G (0, 1) 
and decreasing in x G (1, oo), and hence 

4 

(3.56) /?= sup g S N 2 _AN 2 (x) = g S N 2 _AN 2 (l) = 

xe(o,oo) " 

Applying (|3.8|) for the difference of means M SN . 2 (a, b) and MAN 2 { a i b) along with (j3.56|) 

we get 

(3.57) lM SN2 ([a,b) ^ M AN2 (a,b). 

5 
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Combining the results (|3.54j) and (|3.57j) we get the proof of the inequalities (|3.49j) . Now 
we shall give the proof of (|3.5U|) . 
Let us consider 

f$ H (x) _ 16x 3 / 2 [(x + l) 3 + 2(2x 2 + 2) 3 / 2 ] 



9SH_SNi [X) 

This gives 

9shjsNi( x ) = 



f's Nl ( x ) (x + l) 3 [16x 3 / 2 + (2x 2 + 2) 3 / 2 ] 
48\/2x2 + 2 



-, x G (0, oo) 



■x 



x 2 {x + l) 4 [16x3/2 + (2x 2 + 2)3/2] 
x [64x 9/2 (l - x) + 5x 4 (x 2 - 1) + Ax 

+x 2 (x 2 - 1) + x 2 (x - l)(2x 2 + 2) 5/2 ] 



3 'x 4 - V 



1536x 2 (x- l)V2x 2 + 2 

X 2 (x + l) 4 [16x3/2 + (2X 2 + 2)3/2] ; 



■X 



X + 1 



+ 



x 2 + 1 



Since S(a, b) ^ A(a, b) ^ G(a, 6), one gets 



(3.56 



9SH.SN! 1 



x 



^ 0, x ^ 1, 
^ 0, O 1. 



In view of (I3.58J) we conclude that the function gsHJ3Ni(x) increasing in x G (0, 1) and 
decreasing in x G (1, oo), and hence 



(3.59) 



P = SUp gsH.SN.ix) = g S HJ3Ni(l) = 2. 

ccG(0,oo) 



Applying (|3.8|) for the difference of means M s ^(a, b) and M S N 1 ( a ,b) along with (|3.59j) 

we get 

(3.60) M SH (a,b)^2M sm (a,b). 
Let us consider 

f£ Nl (x) _ 8x 3 / 2 + (x 2 + 1) V2x^T2 



gSN!.SG(x] 

This gives 
(3.61) g'sN^saix] 



- x G (0 oo) 

fS G (x) 2 [4x 3 / 2 + (x 2 + l)V2x 2 + 2j ' ' 

3(x 2 - l)V2x 3 + 2x f^0, x^l, 

< 0. x > 1. 



[4^3/2 + ( x 2 + 1)^2x2 + 2]' 

In view of ()3.61|) . we conclude that the function gsN^SGix) is increasing in x G (0, 1) 
and decreasing in x G (1, oo), and hence 

3 

(3.62) p = sup gsN^scix) = gsN^G^) = t- 

xG(0,oo) 4 

Applying ()3.8|) for the difference of means MsN^.b) and Msci.c-^b) along with ()3.62|) 

we get 



(3.63) 



M SNl (a,b) ^ -M SG {a,b). 
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Combining the results given in (|3.6U|) and (J3.63)) we get the proof of the inequalities 
(|3.5(Jj) . Let us prove now the inequalities (|3.51j) . 
Let us consider 

98AsM = J^Jxj = 24x3/2 + (2a; 2 + 2) 3/2 . - e (0, 00), 

This gives 

, 72(o;-l)(x+l) x /2x(x 2 + l) 0, x < 1, 

' J [24x 3 / 2 + (2x 2 + 2) 3 / 2 ] 2 \<0, x^l. 

In view of (I3.64j) . we conclude that the function gsAJ3N 3 (x) is increasing in i e (0,1) 
and decreasing in x G (1, oo), and hence 

3 

(3.65) (3 = sup g S A.sN 3 (x) = gsA_SN 3 {l) = -.■ 

xe(o,oo) 4 

Applying ()3.8|) for the difference of means M S A(a,b) and M 5A r 3 (a, 6) along with ()3.65|) 

we get 

(3.66) M SA (a,b) < ^M 5 ^ 3 (a,6). 
Let us consider 

/^(s) _ 2 [24x 3 / 2 + (2x 2 + 2) 3 / 2 ] 

OW,^ (*) - jf-^ - 3 [16x 3/2 + (2x 2 + 2)3/2] > X e (0. ~). 

This gives 



(367) , (x) _ (X-I)(x+I)y/2X(X* + 1) J^O, 

' J 9SN3JSN! U [I6x 3 / 2 + (2x 2 + 2) 3 / 2 ] 2 \^0, x^l. 

In view of (|3.67j) . we conclude that the function gsN 3 SNi{ x ) is increasing in x G (0, 1) 
and decreasing in x G (1, oo), and hence 

3 

(3-68) (3= SUp gsN3-SNi(x)= 9SNaSN 1 (X) = -7- 

xe(o,oo) 4 

Applying ()3.8|) for the difference of means MsN 3 {a, b) and Mg^ 1 (a, 6) along with (j3.68|) 

we get 

(3.69) M SN3 (a,b) ^ ~M SiVl (a,&). 

y 

Combining the results given in (jH.fifij) and (j3.(i9|) we get the proof of the inequalities 
(|3.54|) . This completes the proof of the theorem. □ 

Corollary 3.4. The following inequalities hold: 

(3.70) G(a, „) < *M> +«?(■»■*> < ^ ft) ^ S(a, t) + SN l( a, b ) 

< N 3 (a, 6) < N 2 (a, 6) < ^M> + *M> < gM)±^jM) 
^ / S( a ,6)+W 2 ( a ,6) \ ffr /SM+3f4M\ ah() 
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and 

(3.71) G M ) < S(a - 6)+ 2 2g(a -'' ) < iV lM ) < S(a, b ) + H(a, lj ) ^ 

Proof. The inequalities (CO^ - (C0)T^ lead us to (ET7nj> and (j3~7Tj) . □ 

Remark 3.3. The inequalities \S. 7 Up can be considered as refinement over the inequality 
\1.7\j . Thus we have three different kind of refinements given by \3. 28i) . \3.47\j and \3. 7(J\) 
for the inequality \1.7\j . The inequalities \3. 71\ ) gives alternative improvement among the 
means G(a, b), Nx(a, b) and N 2 (a, b). 
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